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Abstract

We consider the CO oxidation in a continuous-flow reactor containingN catalytic layers of zeolite-supported palladium. For
the kinetics of the reaction in one layer, we adopt a model proposed by Slin’ko and Jaeger. Rather than studying non-uniform
coverage patterns on the individual catalyst layers, we focus on the influence of flow-mediated spatial coupling between the
layers provided by variations in the CO partial pressure, which are transmitted by the flow to the adjacent downstream layer.
Using the flow rate and the CO partial pressure at the inlet of the reactor as bifurcation parameters, in a parameter range
where the reaction in one layer exhibits relaxational rate oscillations, we find different modes of operation for the reactor. The
bifurcation diagram for two layers exhibits synchronized behavior at large flow rate. At lower flow rate and small CO partial
pressure, we obtain a drop of catalytic activity at the first layer followed by a compensating increase at the second layer. In
the multi-layer system, an increasing number of layers works synchronously when the flow rate grows up. Then, downstream
and upstream moving pulse trains of catalytic activity can develop. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Spatio-temporal patterns in heterogeneous catalytic
systems are prominent examples for spontaneous,
self-organized formation of structures in macroscopic
systems far from thermodynamic equilibrium [1].
Examples include coverage patterns observed on
single crystal surfaces under ultra-high vacuum con-
ditions [2,3], as well as spatio-temporal patterns in
high-pressure catalytic reactors [4–6].

The mathematical modeling of this pattern forma-
tion is based on reaction–diffusion equations, describ-
ing the non-linear reaction kinetics and a local spatial
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coupling due to diffusion and/or heat conduction. The
coupling between non-linear kinetics and diffusion is
known to induce a wide spectrum of spatio-temporal
patterns in chemical systems [7]. In catalytic reactors,
external control is often applied to spatially averaged
properties. Thermal patterns in high-pressure reac-
tors, e.g., usually emerge due to a global constraint
[6]. Global coupling through the gas phase has been
shown to induce very complex spatio-temporal dy-
namics during reactions on catalytic surfaces [8–15].
Reacting species flowing at different flow rates may
cause additional pattern formation as has been pointed
out by Rovinsky and Menzinger [16,17] studying
differential flow induced chemical instabilities. Alto-
gether, catalytic systems admit several unique features
as non-local spatial interaction, thermokinetic and
convective instabilities, external feedback loops, etc.,
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which must be taken into account for an adequate
modeling. Thus, depending on the experimental situa-
tion, the mathematical models should be an extension
from the classic reaction–diffusion models.

CO oxidation on a supported palladium catalyst is
one of the best studied examples of oscillatory phe-
nomena in heterogeneous catalytic systems [5,18–21].
Based on the reversible formation of subsurface oxy-
gen and the Langmuir–Hinshelwood mechanism of
catalytic CO oxidation, a kinetic model for this reac-
tion was developed by Bassett and Imbihl [19], which
explains the occurrence of rate oscillations. The model
describes the elementary steps of adsorption, desorp-
tion and reaction between adsorbed carbon monoxide
(COad), adsorbed oxygen (Oad), and subsurface oxy-
gen (Osub). Later on, this model was further modified
by Slin’ko et al. [21] including a reaction of adsorbed
CO with subsurface oxygen.

In this paper, we consider a continuous-flow reactor
with N catalytic layers and focus on the interaction
between the layers mediated by the flow through which
the reactants are supplied. Variations in the CO partial
pressure are transmitted downstream by the flow, while
upstream communication is excluded. The question we
would like to study is the following: if each layer can
exhibit relaxation oscillations, what dynamic regimes
are possible for the reactor. In Section 2, we extend the
kinetic model discussed by Slin’ko et al. [21] in such
a way that it accounts for a flow-mediated coupling
between the catalytic layers in the reactor. In Section
3, we study the dynamic behavior of the extended
model. We conclude with a short discussion of the
main results.

2. The model

We consider a flow reactor withN catalytic layers
perpendicular to the direction of the flow at a distance
d(j ) between thejth and the(j + 1)th layer. The re-
actor geometry is schematically described in Fig. 1.
Further experimental details are outlined in the paper
by Slin’ko et al. [22]. For the kinetics of the reaction,
we adopt the model formulated by Bassett and Im-
bihl [19], which was later on modified by Slin’ko and
Jaeger (for a detailed discussion, see [21]). Accord-
ing to this model, the local concentration of adsorbed
carbon monoxide (u), adsorbed oxygen(v), and sub-

Fig. 1. Schematic sketch of the reactor.F: flow rate, A:
cross-section of the reactor,d(j ): distance andV (j)

r = d(j)A: vol-
ume between thejth and the(j + 1)th layer.

surface oxygen(w) change with time as follows:

du

dt
= k1pCO(1 − u − δv) − k−1u − k3uv − k5uw,

(1)
dv

dt
= k2pO2 exp(−αw)(1 − u − v)2

−k3uv − k4v(1 − w), (2)

dw

dt
= k4v(1 − w) − k5uw. (3)

The terms in the first equation describe adsorption of
CO from the gas phase, CO desorption, and the re-
action of adsorbed CO with adsorbed oxygen as well
as with subsurface oxygen. HerepCO denotes the CO
partial pressure in the gas phase, and the parameter
δ describes the effect of Oad on the adsorption rate
of CO. The second equation expresses the balance of
adsorbed oxygen with contributions to adsorption, to
reaction with COad, and to formation of subsurface
oxygen. The parameterα describes the effect of Osub
on the adsorption rate of oxygen, andpO2 is the partial
pressure of oxygen in the gas phase. The last equation
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accounts for changes in the concentration of subsur-
face oxygen due to the penetration of adsorbed oxy-
gen into the subsurface region of the palladium bulk,
and due to the reaction with adsorbed CO.

Our assumption is that the individual catalytic layers
may be considered as spatially homogeneous, because
of a strong local coupling inside the layer provided by
heat conduction or diffusion of adsorbed species. In
the following, we consider the parameter range where
the kinetic model equations (1)–(3) exhibit rate oscil-
lations.

We are interested in patterns which appear on a
larger scale and focus on the coupling between the
catalytic layers in the reactor through variations of the
CO partial pressure in the gas phase. Letpi

CO denote
the partial pressure at the inlet of the reactor. For the
partial pressure at the first layer,p

(1)
CO, we have

dp
(1)
CO

dt
= F

V
(1)
c

(pi
CO−p

(1)
CO)

− µ

V
(1)
c

[k1p
(1)
CO(1 − u(1) − δv(1))−k−1u

(1)],

(4)

where the upper indices in brackets refer to the number
of the layer.F denotes the flow rate through the reactor
andµ the coupling strength.V (j)

c is the volume of the
catalyst in thejth layer. In between the two layersj
andj + 1, there is neither adsorption nor desorption,
therefore

dp
m(j)

CO

dt
= F

V
m(j)
r

(p
(j)

CO − p
m(j)

CO ), (5)

where indexm labels the CO partial pressure between
the two layers. Here,V (j)

r = d(j)A is the volume
between layersj andj + 1, whered(j ) andA denote
the distance between the layers and the cross-section
of the reactor, respectively. An equation analogous to
(4) holds for the next layers.

dp
(j+1)

CO

dt
= F

V
(j+1)
c

(p
m(j)

CO − p
(j+1)

CO )

− µ

V
(j+1)
c

[k1p
(j+1)

CO (1 − u(j+1)

−δv(j+1)) − k−1u
(j+1)]. (6)

Table 1
Parameter values used in the numerical calculations [21]

Kinetic constants Further parameter values

k1 = 80.0 (Torr−1 s−1) α = 10.0
k−1 = 7.545 (s−1) δ = 0.6
k2 = 89.726 (Torr−1 s−1) µ = 0.871 (Torr cm3)
k3 = 282.441 (s−1) Vc = 7.7 × 10−4 (cm3)
k4 = 0.179 (s−1) pO2 = 152 (Torr)
k5 = 0.053 (s−1)

For a reactor with only one catalyst layer, Eq. (4) or
(6) would describe a global coupling through the gas
phase.

We characterize the dynamic regime of the system
by the reaction rate and use the flow rate and the partial
pressure at the reactor inlet as bifurcation parameters.
The reaction rate of thejth layer is

R(j) = k
(j)

3 u(j)v(j) + k
(j)

5 u(j)w(j). (7)

In the stationary state, instead of (7) we can use the
rates (see Eqs. (1) and (4))

R+(1) = F

µ
(pi

CO − p
(1)
CO),

R+(j) = F

µ
(p

m(j−1)

CO − p
(j)

CO), 1 < j ≤ N, (8)

which neglect short-time transients.
To study the dynamical consequences of the cou-

pling, we have numerically integrated the model us-
ing a Rosenbrock method for stiff sets of differen-
tial equations [23]. The bifurcation diagrams are ob-
tained with the CANDYS/QA program developed for
numerical bifurcation analysis of non-linear differen-
tial equations [24]. The values for the kinetic constants
ki (i = 1, . . . , 5) and the parametersα, δ, µ, Vc, and
pO2 used during the numerical simulations are given
in Table 1 (compare [21]).

3. Results

3.1. Two layers

Numerical simulations of the two-layer system re-
vealed a variety of dynamic regimes. At high flow
rates, we find frequency synchronization between
the two layers. The partial pressure at the forced
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Fig. 2. Fast (a) and slow (b) synchronization in the two-layer
system at high flow rates. The reaction rate over the first
(full line) and the second layer (broken line) are shown
as a function of time. The arrows indicate the time mo-
ment when the coupling between the layers is switched on
(pi

CO = 2.5 Torr, F = 250 ml/s, Vr = 2 cm3).

downstream layerpm(1)
CO exhibits small amplitude

oscillations around a time-independent mean value
which is smaller thanpi

CO. For an uncoupled layer,
the frequency of the rate oscillations increases with
decreasing CO partial pressure [21]. Under weak
coupling, the rate oscillations at the second layer
have higher frequency than at the first layer. But for
strong coupling at high flow rates, both layers act
synchronously with a phase shiftτ = Vr/F that cor-
responds to the time necessary for the communication
between the layers. Synchronized behavior for strong
coupling is in accordance with experimental data [25].

When we start with different initial conditions for
two identical uncoupled layers, and switch on the
coupling at a certain timet0, then the synchronized
regime is reached after a characteristic time inter-
val σ , which depends on the phase shift between the
two layers att0. For positive phase shift, when the
first layer oscillates in advance of the second layer,
synchronization takes place rapidly (Fig. 2a), and we
obtain values ofσ about one or two oscillation pe-
riods of the uncoupled system. If att0 there is a
phase delay between the first and second layer, then
the numerical simulations reveal long transients to
the synchronized regime (Fig. 2b). In this case of
negative phase shift, we have slow instead of fast
synchronization, andσ is equal to many oscillation
periods.

Usually we find delayed response of the down-
stream layer (compare Fig. 2 and Fig. 5). However,
in a small range of CO partial pressures at the reactor
inlet (4.2 Torr ≤ pi

CO ≤ 6.4 Torr for F = 2.5 ml/s,
Vr = 2 cm3) at first the downstream layer becomes ac-
tive and the reaction goes through a maximum. Only
when the activity at the downstream layer breaks down
can the upstream layer become active (Fig. 3). This
behavior was not observed for weak coupling in the
case of large distances between the layers. Then the
downstream layer oscillates at its own frequency. Ob-
viously the flow-mediated coupling is too weak for
synchronization (Fig. 4).

Fig. 3. Advanced response of the downstream layer. The full
(broken) line represents the reaction rate over the first (second)
layer (pi

CO = 6 Torr, F = 2.5 ml/s, Vr = 2 cm3).
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Fig. 4. Breakdown of synchronization for weak coupling
for large values of Vr . The full (broken) line rep-
resents the reaction rate over the first (second) layer
(pi

CO = 6 Torr, F = 2.5 ml/s, Vr = 200 cm3).

At low flow rates, we found that a drop in the re-
action rate at the first layer can result in a compensat-
ing increase of catalytic activity at the second layer
(Fig. 5). This phenomenon has been observed exper-
imentally recording the temperature in the layer as a
measure for the reaction rate. In Fig. 5, a temperature
drop in the first layer is followed by a temperature in-
crease in the second layer.

Fig. 5. Activity compensation by the downstream layer. Numerical results (left) have been calculated forpi
CO = 2 Torr, F = 2.5 ml s,

andVr = 10 cm3. The full (broken) line represents the reaction rate over the first (second) layer. Experimental data (right, courtesy of C.
Ballandis) obtained for a CO concentration at the inlet of 1.23 vol.%,F = 75 ml min and a distance between the layers equal to 1 cm.
Full line: temperature at the first layer; dashed and dotted line: temperature at the second layer (two thermoelements in the second layer
have been used in the measurements).

We have carried out a numerical bifurcation anal-
ysis for the coupled two-layer system. Two examples
of the bifurcation diagrams are shown in Figs. 6 and
7. Fig. 6 corresponds to a fixed, high flow rate(F =
250 ml/s). The CO pressure at the reactor inlet is used
as bifurcation parameter. As long aspi

CO is small, we
have steady-state behavior for both layers. Increasing
the pi

CO, the steady state of the system becomes un-
stable with respect to limit cycle oscillations by a su-
percritical Hopf-bifurcation (left full square in Fig. 6).
This bifurcation can be assigned to the upstream layer,
because it occurs in the one-layer model described by
Eqs. (1)–(4) as well. The coupling to the downstream
layer is irrelevant for this bifurcation. Due to the high
flow rate, the periodic variations ofp

m(1)
CO trigger oscil-

lations in the downstream layer. The amplitude of the
p

m(1)
CO oscillations is small, about 2% of the mean value

over one oscillation period. Because the mean value
is below the threshold for rate oscillations in the sec-
ond layer, without the periodic input provided by the
first layer, the second layer would remain in a steady
state. For slightly higherpi

CO values, a second pair
of complex-conjugate eigenvalues crosses the imagi-
nary axis changing its real part from negative to posi-
tive (open circle in Fig. 6). This behavior occurs only
in the coupled two-layer system. Now, with an input
equal to the corresponding mean value of thep

m(1)
CO
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Fig. 6. Bifurcation diagram showing the reaction rates of the
upstream (a) and the downstream (b) layer plotted versus the
CO partial pressurepi

CO for given flow rate F = 250 ml s
(Vr = 2 cm3). Full line: stable steady state, dashed line: unsta-
ble steady state, dashed-dotted line: oscillation amplitude. Squares
refer to Hopf-bifurcations (for explanation see text), open circles
correspond to complex-conjugate eigenvalues with vanishing real
part in the coupled two-layer system.

oscillations, the second layer displays rate oscillations.
Under further increase ofpi

CO, the oscillations in the
first layer terminate by an inverse Hopf-bifurcation,
while the second layer still keeps oscillating (right
filled square in Fig. 6). But for slightly higherpi

CO
values, after a second inverse Hopf-bifurcation, both
layers are again in the steady state. The second inverse
Hopf-bifurcation occurs only in the coupled two-layer
system (open square in Fig. 6). Because of the high
flow rate, the upstream and the downstream layer act
almost synchronously, and therefore there is no qual-

Fig. 7. Bifurcation diagram showing the reaction rates of the
upstream (a) and the downstream (b) layer plotted versus the
flow rate for given CO partial pressure at the reactor inlet
(pi

CO=7.0 Torr, Vr = 2 cm3). Lines and symbols as in Fig. 6.
Additionally, asterisks (crosses) denote saddle-node bifurcations
assigned to the one-layer (two-layer) system (compare main text).

itative difference between Fig. 6a and b. The bifurca-
tion diagram in Fig. 6 is very similar to that of the
one-layer system [21].

However, the bifurcation diagram of the two-layer
system can be more complicated, as follows from
Fig. 7. Here the flow rate is used as bifurcation para-
meter. In the case of intermediatepi

CO-values(pi
CO =

7 Torr), both layers are in a steady state, whenF is
small. With increasingF, the first Hopf-bifurcation oc-
curs (left filled square in Fig. 7). In an extended range
of flow rates, the oscillations in the first layer trigger
oscillations in the second layer. The oscillation ampli-
tude of the partial pressurepm(1)

CO is large, about 50%
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Fig. 8. Bifurcation map in thepi
CO versusF plane showing the modes of operation for the two-layer reactor(Vr = 2 cm3). White

domains: steady-state behavior; full-hatched domain: rate oscillations in the upstream layer force rate oscillations in the downstream layer;
broken-hatched domain: the upstream layer is in the steady state, while the downstream layer exhibits rate oscillations. Symbols as in
Figs. 6 and 7. The bifurcation diagram in Fig. 6 (Fig. 7) corresponds to a section along the horizontal (vertical) broken line.

of the mean value over one period of oscillation. Under
these conditions, we observe advanced and compen-
sating response as discussed above (compare Figs. 3
and 5, respectively). Further increase of the flow rate
results in a saddle-node bifurcation of the unstable
steady state of the first layer without any consequences
for the operation mode of the reactor. The next bifur-
cation with increasingF is an inverse Hopf-bifurcation
terminating the rate oscillations in the first layer (right
filled square in Fig. 7). Now, the output of the first layer
is constant in time, but for the corresponding constant
value ofpm(1)

CO , the second layer still keeps oscillating.
After a saddle-node bifurcation of the unstable branch
not associated with the formation of stable regimes,
oscillations of the second layer disappear by an inverse
Hopf-bifurcation (open square in Fig. 7). At higherF
values, the real part of a pair of complex-conjugate
eigenvalues changes its sign from positive to negative
(open circle in Fig. 7), and a saddle-node bifurcation
referring to unstable states occurs. However, the sys-
tem remains in the steady state.

The results of the numerical bifurcation analysis are
summarized in Fig. 8, which depicts the stable dy-
namic regimes in the parameter plane spanned bypi

CO
andF. We find an extended parameter region, where
rate oscillations at the upstream layer trigger rate os-

cillations at the downstream layer. Two separated re-
gions with steady-state behavior of the coupled system
exist. The first is located in the lower left corner of the
parameter plane and close to the two coordinate axes,
where eitherpi

CO, F or both are small. Here, the steady
state becomes unstable with respect to sustained os-
cillations of the first layer. These oscillations trigger
oscillatory behavior at the downstream layer. For the
second region, characterized by largerpi

CO values, the
instability of the steady state occurs via oscillations of
the second layer. The first layer remains in the steady
state.

3.2. N layers

The numerical simulations have been extended to-
wards the case of many layers. As in the two-layer sys-
tem, we find synchronization of all layers, when the
flow rate is sufficiently high (strong coupling). Low-
ering the flow rate, the layers far from the reactor inlet
display compensated behavior, while the layers near
to the reactor inlet still act synchronously. The shape
of the rate oscillation changes accordingly, compare
Fig. 9, where one period of the rate oscillations at five
different layers in a reactor with altogether 30 layers
is shown.



366 A. Ohlhoff, H. Engel / Catalysis Today 70 (2001) 359–368

Fig. 9. Rate oscillations at different layers in a 30-layer reactor at
large flow rates. For all chosen layers, only one oscillation period
is shown(pi

CO = 2.5 Torr, F = 250 ml/s, V
m(j)
r = 5 cm3).

Of interest is the case of largeN with small volume
between the layers, which approximates a fixed-bed
reactor. In the following, we equate the volume of
the catalyst in the layer with the volume between
two layers,Vc = Vr. Fig. 10a presents the reaction
rate over the reactor length for the case of 100 lay-
ers. Sequences of downstream moving activity pulses
propagate through the reactor, provided the flow rate
exceeds a certain thresholdFcr which is close to the
threshold for the excitation of sustained oscillations

Fig. 10. (a) Spontaneously formed activity pulses propagating downstream in a 100-layer reactor. Numerical simulations start at zero time
with spatially uniform initial conditions(pi

CO = 2.5 Torr, F = 250 ml/s, Vr = Vc = 7.7 × 10−4 cm3). (b) Pulse velocity over the distance
from the reactor inlet.

Fig. 11. (a) Upstream moving pulses in a 30-layer reactor
(pi

CO = 6.4 Torr, F = 2.5 ml/s, Vr = Vc = 7.7 × 10−4 cm3). (b)
Pulse velocity over the distance from the reactor inlet. Same initial
condition as for Fig. 10a.

in the layer at the reactor inlet. Fig. 10b displays the
propagation velocity of the pulse versus the distance
from the reactor inlet. After some transient, the ve-
locity remains constant. In the parameter range with
advanced response (Fig. 3), upstream moving pulses
are possible with a velocity, which is going to be
smaller with decreasing distance to the inlet (Fig. 11a
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and b). These pulses correspond to kinematic or phase
waves in oscillatory media.

4. Discussion

We have modeled the CO oxidation in a flow reactor
containingN layers of zeolite-supported palladium.
The model focuses on the effect of flow-mediated
spatial coupling between the layers provided by CO
partial pressure variations transmitted by the flow.
Each layer is assumed to behave spatially uniform
due to a strong local coupling provided by diffusion
or heat conduction. The corresponding terms in the
balance equations (1)–(3) are omitted. In this limit,
each catalytic layer is represented by a non-linear
oscillator.

By numerical simulations, we have analyzed the
effect of different flow rates and CO partial pressure
at the reactor inlet on the dynamics of the reactor.
Depending on these parameters, we find a large va-
riety of dynamic regimes including synchronization
at large flow rates, delayed and advanced response
of downstream layers, the so-called compensation
regime, and propagating pulses of catalytic activ-
ity. During the calculations, realistic values for the
parameters have been used. Some of the numerical
results for the two-layer system agree with exper-
imental data obtained in a tube reactor with two
zeolite-supported palladium layers on Teflon disks
[25]. To get a better understanding of the dynamics
for the two-layer system, we have performed a numer-
ical bifurcation analysis using the CO partial pressure
at the reactor inlet and the flow rate as bifurcation
parameters.

We suppose that our main results do not depend on
the specific kinetics described by the particular equa-
tions (1)–(3). Any model with relaxational oscillations
is expected to lead to qualitatively equivalent results,
when a coupling according to Eqs. (4)–(6) is consid-
ered.

The model allows to study other effects, as
non-uniformity in the parameters leading to different
properties of the individual catalytic layers, syn-
chronization phenomena under periodic modulations
of the CO partial pressure at the reactor inlet, and
the impact of variations in the distance between the
layers. For a more realistic description of catalytic

reactions under normal pressure, the balance of en-
ergy and the temperature dependence of the rate
constants must be included into the model. How-
ever, these investigations are beyond the scope of this
paper.
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